INTRODUCTION
There are several reformulations and strengthenings of Alperin's weight Ž w x. Ž w x. conjecture see 1 . Robinson's see 22, 4 .1 uses the notion of relative Ž projectivity albeit for ordinary characters rather than modules over a . non-semisimple group ring to conserve information about any normal p-subgroups present. Dade's conjectures are formulated with a reduction to finite simple groups in mind. Considering Robinson's conjecture along with an inductive invariant known as the p-local rank, it may be that an inductive proof of this, and so too of Alperin's conjecture could be achieved. This paper may be regarded as a necessary step in this inductive procedure, the proof of the p-local rank one case.
We use the classification of finite simple groups to do this, in much the same way as Blau and Michler in their proof of Alperin's conjecture for Ž . Ž w x. finite groups with trivial intersection TI Sylow p-subgroups see 4 . There are two fundamental differences: the need to take account of the defect of each irreducible character and the need to deal with the presence 1 Partially supported by EPSRC Award 95700575.
623
0021-8693r01 $35.00 of a nontrivial normal p-subgroup. We also feel our approach to be w x simpler than that of 4 , the use of the Lyndon᎐Hoschild᎐Serre spectral Ž . sequence to calculate the Schur multiplier M G of a group G being an example.
Let G be a finite group and p a prime. The conjectures we are considering are expressed in terms of chains of p-subgroups, as described w x in 9, 18 . Briefly, we say that a p-subgroup Q of G is radical if Ž Ž .. Ž . Let R be a local complete discrete valuation ring containing a primitive < < 3 Ž . G th root of unity, and whose residue field k s RrJ R is algebraically closed and has characteristic p. Denote by K the field of fractions of R, a splitting field for every central extension of every section of G that we shall be using. If B is a block with respect to this system, then define Ž . Irr G, B to be the set of those irreducible characters which belong to B. We combine this and the above notation freely.
Robinson's conjecture states that:
Ž w x. Dade's projective conjecture see 10 states that:
The purpose of this article is to prove the following: 
Ž .
d G
Ž . where P g Syl G , since a set of representatives of the orbits of radical
, and so in order to establish Theorem 1.3 it suffices to check that
This paper is structured as follows: In Sections 2 and 3 we give a Ž reduction to a short list of cases to be checked Section 2 consisting of the reduction and 3 dealing with the determination of the covering groups and . with the classification . In Section 4, Conjecture 1.1 is checked for each of the cases listed at the end of Section 3. We give an overview of the proof and some consequences in Section 5.
REDUCTION TO COVERS OF AUTOMORPHISM GROUPS OF FINITE SIMPLE GROUPS
In this section we show that we may assume that G is a covering group of an automorphism group of a finite nonabelian simple group of p-local w x rank one. Such simple groups have been classified in 15, 28 .
Ž . Let G be a finite group with plr G s 1. By Proposition 1.5 we may Ž . Ž . 
² : 
Ž . 
Hence N is the unique nontrivial minimal normal subgroup of H. w x By 13, 2.1.5 either N is isomorphic to a direct product S = иии = S of 1 r isomorphic nonabelian simple groups or N is elementary abelian. If the
contradicting O H s 1. So we may assume the former. We show that p r s 1.
< < Suppose that r ) 1. Clearly S / 1, so we have So far we have shown that we may, and do throughout the rest of this paper, assume that G satisfies the following:
is a finite group of p-local rank one and p-rank
X Ž . Ž . Ž . greater than one. Z B F G , Z G -N 1 G and Z G is cyclic. N s Ž .
NrZ G is a nonabelian simple group of p-local rank one and N
F G F X Ž . Aut N . Write L s N .
Ž .
Remark. It is important to note that Z N is central in G. This excludes some automorphism groups of quasisimple groups which do not Ž w x . act trivially on the centre of that quasisimple group see 6, p. xxii . 
DETERMINATION OF THE STRUCTURE OF
w x This is important in that information in 6 is given only for automorphism groups of covers of simple groups, rather than covers of automorphism groups of simple groups.
Ž . ² Ž . : We show that it is nearly always the case that the outer automorphisms w x in G are p-regular. The argument used is essentially that used in 30 .
Proof. Suppose first that p s 2. Then the result follows from Theorem w x 2 of 28 .
. Assume now that p / 2 and that p, N / 3, G 3 or 5, B 32 . By 2 2 w x 6 , N has a p-regular outer automorphism group except when possibly
. In each of 2 3 2 these cases an outer automorphism of p-power order must be a field automorphism, i.e., a power of the Frobenius map : x ª x p .
Ž . Assuming that N is one of these classes of groups, let P g Syl G and p w x Q s P l N. We assume that p ¬ G : N and derive a contradiction.
Let g g P be a field automorphism of order p. Then g fixes a nontrivial proper subfield of ‫ކ‬ , say ‫ކ‬ , where ‫ކ‬ is the field of definition of N as a q t q group of Lie type. Hence g fixes a subgroup T of N isomorphic to
Ž . abelian, so N P is solvable, a contradiction since N P contains the G G nonabelian simple group T and subgroups of solvable groups must be solvable.
, by 6 we have G : N s p. 2 2 Ž . We now aim to show that L s N. We first treat the p-part of Z G , then the p X -part. To do this we need to recall some results concerning Ž Schur multipliers we thank Burkhard Kulshammer for suggesting the usë of the Lyndon᎐Hochschild᎐Serre spectral sequence, giving a more general w x. result than our original reference 3 . 
Ž .
ii Taking ‫ރ‬ to be the trivial ‫ރ‬G-module, the Lyndon᎐Hochs-child᎐Serre spectral sequence gives a short exact sequence MAGMA package may be used to compute the Schur multipliers of the Ž . Ž . relevant automorphism groups of PSL 9 and PSL 4 , and we give these 2 3 in Table I . From this it is clear that when GrN is noncyclic, we have
The following is essentially Lemma 3.5 of 4 . Ž .
The proof w x of the following is based on 4, 3.6 . 
LEMMA 3.7. Let G be as abo¨e. Then there is a finite group H satisfying
and hWV has order m, so hWV generates ArWV. Hence A s H )V with Ž . 
Suppose that for e¨ery such Z 1 
Ž . G, B s k G, B s 13, k G, B s k G, B s 6, and k G Ž Ž . . character of N P , and irr N P , B is the same for each i. Since
it follows that Conjecture 1.1 holds for each B . holds for G in this case. If p, N s 3, G 3 , then G s G 3 or G 3 . Since G 3 has Ž . orbits of length 1, 2, and 6. Again by Brauer's theorem C acts on Irr C 6 9 with three orbits, which by counting must have lengths 1, 2, and 6. Hence Ž Ž .. Ä 4 Ž . by Clifford's Theorem irr N P s 6 = 1, 3 = 2, 1 = 6 . We have C P Ž . For the remaining cases we need to consider the action of the Frobenius automorphism on a group of Lie type. We need the following three results w x Ž found in 4 the proof of the third is a trivial extension of the proof given w x. in 4 . We include them here in order to establish the necessary notation: LEMMA 4.14. P has q conjugacy classes of length one and q 2 y 1 of length q.
Ž .
Proof. In Lemma 4.13 we saw that Z P has order q and consists of Ž .
q elements of the form x 0, u , where u s yu. This gives us the q conjugacy classes of length one. Ž . Ž . Now suppose that x t , u g P, t / 0. Suppose that x t , u g 
not extend to an irreducible character of P, we have / 1 and sô Ž . Ž . G and plr G F 1. Hence we may assume that plr G s 1, and so
